The translative kissing number H(K) of a d-dimensional convex body K is the maximum number of mutually non-overlapping translates of K that can be arranged so that all touch K. In this paper we show that
Introduction
First we recall some standard definitions. By a d-dimensional convex body we mean a compact convex subset of R d with non-empty interior. Two subsets of R d with non-empty interiors are non-overlapping if they have no common interior point, and we say that they touch each other if they are non-overlapping and their intersection is non-empty. Denote by H(K) the translative kissing number of a d-dimensional convex body K, which is defined as the maximum number of mutually non-overlapping translates of K that can be arranged so that all touch K. H(K) is often called the Hadwiger number of K as well.
By a result of Swinnerton-Dyer [18] it follows that H(K) ≥ d 2 +d holds for every d-dimensional convex body K (d ≥ 1). Recently, Talata [19] [12] , it turns out that the order of magnitude of H(K) is exponential in the dimension of K for every convex body K.
Since in [19] only the existence of an exponential lower bound is proved, so it is a natural problem to find explicit lower bounds of this kind for the translative kissing numbers, which are valid at least for some classes of convex bodies. There are two such previously known bounds. Groemer [10] proved that H(K) = 3 d − 1 if and only if K is a paralleletope. In the case of Euclidean balls, the exponential lower bound H(K) ≥ (2/ √ 3−o(1)) d was found by Shannon [16] and Wyner [22] .
In this paper we give an explicit exponential lower bound for the translative kissing numbers of simplices. We note that their exact values are known only in two and three dimensions (Grünbaum [11] , Talata [20] ). Furthermore, we generalize the obtained lower bound for d-orthoplexes. This important class of convex polytopes occurs in the Delaunay tilings corresponding to some well-known lattice packings of spheres (see Bezdek et al. [2] , Conway and Sloane [4] , [5] ). We also extend a result of Talata [19] for a special class of non-symmetric convex bodies, proving an exponential lower bound for a quantity analogous to the translative kissing numbers defined for pairs of convex bodies. Finally, we show an inequality which strongly supports the conjecture that
The common feature of the above mentioned statements that we are going to prove is that although they are purely geometric, their proofs share on ideas with which we are able to reduce them to suitable combinatorial problems on extremal sets.
For additional related results and references on this topic, see Bezdek [1] , Bezdek et al. [3] , Talata [21] , and the survey papers by Fejes Tóth [7] , Fejes Tóth and Kuperberg [8] , and Zong [23] .
Results
Our main result is the following exponential lower bound for the translative kissing numbers of simplices.
Theorem 1. Let d be a positive integer, and let
holds.
In the following we generalize Theorem 1 for d-orthoplexes. These polytopes play an important role in the theory of lattice packings of spheres. A d-orthoplex is a d-polytope which is congruent to a subset of R d+1 that can be obtained as the intersection of a (d+1)-cube with a hyperplane orthogonal to a main diagonal of the cube. Many of these convex polytopes occur in the Delaunay tilings corresponding to some well-known lattice packings of spheres (see Bezdek et al. [2] , Conway and Sloane [4] , [5] ). Since the translative kissing numbers are affine invariant quantities, and a regular d-simplex is also a d-orthoplex, thus the following theorem is a direct generalization of the previous one.
Theorem 2. Let d be a positive integer, and let
Before we formulate another generalization of Theorem 1 (but in this case with a bit smaller lower bound), we recall some notations. We use the standard notation A + B for the set {a If K and L are d-dimensional convex bodies, then let us denote by H(K, L) the maximum number of mutually non-overlapping translates of L which touch K. From Corollary 4 of [19] it follows that there exists an absolute constant c> 0 such that
We now extend this result for the special class {αS d − βS d | α, β ∈ R} of not necessarily symmetric convex bodies.
Theorem 3. Let d be a positive integer, and let
From the proof of Theorem 1 (see in Section 3) it turns out that there we use very special configurations to get the lower bound. This gives the reason for the following definition. For an o-symmetric convex polytope P we define the centered translative kissing number H c (P ) of P as the maximum number of mutually non-overlapping translates P 1 ,P 2 ,... ,P m of P which touch P so that P ∩ P i contains a common baricenter (center of mass) of some equal dimensional faces of P and P i , respectively, for every 1 ≤ i ≤ m (we denoted by o the origin of R d ). We note that H(P ) ≥ H c (P ) follows directly from the definitions. In the proof of Theorem 1 in fact we prove the lower bound for
, this implies Theorem 1. To see how good our method is, we prove the following.
Theorem 4. Let d be a positive integer, let
For a further clarification of the close relation between H(P ) and H c ( 1 2 (P − P )) for a polytope P , we recall some definitions and concepts which will be needed in the proofs as well.
If If the Minkowski metric is fixed, then we call S 1-discrete for short.
By Minkowski [14] (also see [15] , [20] ), for a convex body K the quantity H(K) is equal to the maximum cardinality of 1-discrete subsets of ∂(
Similarly it can be seen that for an o-symmetric polytope P we have that H c (P ) is equal to the maximum cardinality of 1-discrete subsets of B(P ) in the Minkowski metric determined by P . Here we used the notation B(P ) for the set of baricenters of the faces of P .
These facts strengthen a conjecture that the order of magnitudes of H(P ) and H c ( 1 2 (P −P )) are the same if P is a convex polytope for which 1 2 (P −P ) is symmetric enough. In the following we formulate this conjecture in two special cases. The first conjecture is the counterpart of Theorem 4 while the second one is the counterpart of the already mentioned lower bound H(K) ≥ 2 cd of [19] restricted to zonotopes. A zonotope is a convex polytope whose faces (of any dimensions) are centrally symmetric (for more information about zonotopes, see [9] ).
Conjecture 5. Let d be a positive integer, and let
Conjecture 6.
There exists an absolute constant c 0 > 0 such that
holds for any positive integer d and any d-dimensional zonotope P .
Proofs
In the proofs we will consider d-dimensional convex bodies embedded into parallel hyperplanes of R d+1 . We note that then for two such convex bodies 
Then H r is an affine hyperplane in R d+1 , thus H r ∼ = R d . Since all the quantities in the theorems are affine invariant, therefore in the proofs we may assume that
⊆ R d+1 is given as e 1 = (1, 0, . . . , 0) e 2 = (0, 1, . . . , 0) . . . e d+1 = (0, 0, . . . , 1) .
It is easy to see that
}, where T d+1 denotes the collection of all transformations of R d+1 which are formed by coordinate permutations.
Then b k,l is the baricenter (the center of mass) of
We define two subsets of X d+1 for every q i as follows:
Then for every i we have
It is easy to check that q i − q j C d ≥ 1 if and only if (4)
Consequently we have the following.
Lemma 7. H k,l (C d ) is the maximum number m for which there exists a collection {(
of pairs of subsets of X d+1 so that (3) and (4) hold for every i = j.
Consider now the case l = k. Then there are (3) holds. On the other hand, for such a fixed pair (
different pairs (A i ,B i ) for which (3) holds but (4) does not, where we used the notation
Here we denoted by C(u; v, w) the multinomial coefficient
With this notation we get
H k,k (C d ) ≥ f (d, k)/g(d,
k). Denote by h(d, k) the largest term of the sum in (6). Then we have that
To finish the proof, by (1) we need only to calculate the order of magnitude of the expression
with the same restrictions in the minimum for k i ,l i (i = 1, 2) as in (6) . 
where
Proof of Lemma 8. (5)- (8), using Stirling formula and elementary analysis to calculate the saddle point, we get that Finally, substituting the (modulo o(1) ) calculated value b 0 to b in the obtained formulas, we get the value for the limit.
This completes the proof of Theorem 1.
Proof of Theorem 2. Let P be a d-orthoplex. By symmetry reasons, we may assume that
On the other hand, by the proof of Theorem 1 (cf. Lemma 8) we have that 
Let λ = α+γ α+β+γ+δ , and
. Now, if we define the sets A i ,B i by (2), then we have (3). It is easy to check that q i − q j C d ≥ 1 if and only if (9) λ
Consequently we have that
of pairs of subsets of X d+1 so that (3) and (9) hold for ev-
implies (10). We note that if Z i = {n i,j } r j=1 with n i,1 < n i,2 < ... < n i,r , then
of r-element subsets of X d+1 so that (11) holds for every i = j.
By a similar argument to the one in the proof of Theorem 1, calculating that how many r-element subsets are in X d+1 , and that for a fixed Z i how many Z j 's (j = i) are for which (11) does not hold, we get that
for z 0 ≈ 7.222262 ..., where z 0 is the unique real solution of the cubic equation
and A weaker version of Theorem 3 can be proved with simpler calculations using Turán numbers: Combining a result of Erdős and Spencer (p. 74 of [6] ) and an inequality of Katona et al. [13] (also see as Theorem 13.1 in [6] of all pairs of subsets of X d+1 for which (3) holds for every 1 ≤ i ≤ n 1 , and whose vertices are formed by the collection {(U j ,V j )} n 2 j=1 of all pairs of disjoint subsets of X d+1 with 
